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Stellar evolution is determined by the reactions which take place within
stars:
e Binding energy per nucleon determines the most stable isotopes
and therefore the most probable end products of fusion and fis-
sion reactions.

For fusion to occur, quantum mechanical tunneling through the
repulsive Coulomb barrier must occur so that the strong nuclear
force (which is a short-range force) can take over and hold the
two nuclei together.

Hydrogen is converted to helium by the PP-Chain and CNO-
Cycle.

In due course, helium is converted to carbon and oxygen through
the 3a-reaction.

Other processes, such as neutron capture reactions, produce heav-
ier elements.




Binding Energy Per Nucleon — |

The general description of a nuclear reaction is
I(A;, Zs) + J(A4,Zy) <> K(Ax, Zi) + L(Ay, Zy)
where
e A, is the baryon number, nucleon number or nuclear mass of nucleus N and

e 7, is the nuclear charge of nucleus N.

The nucleus of any element (or isotope) N is uniquely defined by the two integers A,
and Z,. Note also that anti-particles have the opposite charge to their corresponding
particle.
In any nuclear reaction, the following must be conserved:

e the baryon number (protons, neutrons and their anti-particles),

e the lepton number (electrons, positrons, neutrinos and anti-neutrinos) and

e charge.




Binding Energy Per Nucleon — Il

The total mass of a nucleus is known to be less than the total mass of the constituent
nucleons and so:

o There is a decrease in mass whenever a nucleus is formed from constituent nucleons.
e The mass-deficit is released as energy according to Einstein’s equation E = mc?.
e The difference is known as the binding energy of the nucleus.
Thus if a nucleus is composed of Z protons and N neutrons, its binding energy is
Q(Z,N)=[Zmy+ Nmy, — M(Z,N)] .
A more significant quantity is the total binding energy per nucleon

QZN)/(Z+N)=Q(Z,N)/A

which is considered relative to the hydrogen binding energy per nucleon which is
course zero.
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M(Z, N) is the mass of a nucleus having Z protons and N neutrons.
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The diagram shows the binding energy per nucleon with a peak at %°Fe.
Local maxima in the binding energy per nucleon are also seen for “He,
12C and 1%0. The greater the binding energy per nucleon, the greater
the energy released in forming that nucleus. “He, *2C, %0 and 5°Fe are

therefore probable end products of fusion reactions as they are “islands of
stability" .



Binding Energy Per Nucleon — IV

The variation of binding energy per nucleon with baryon number A:

General trend is an increase of @ with atomic mass up to A = 56 (Fe), followed
by a slow monotonic decline.

There is a steep rise from H to 2H, 3He to *He.

Fusion of H to He should release a larger amount of energy per unit mass than say
fusion of He to C.

Energy may be gained by the fusion of lighter elements to form heavier elements,
up to Fe.

Energy may also be gained from the fission of heavy nuclei to form lighter nuclei,
down to Fe.
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The upper diagram shows the potential energy of two positively charged
nuclei as a function of their separation. Once the repulsive Coulomb
barrier is overcome, the stronger short-range strong nuclear force takes
over and holds the nuclei together. Note that the potential energy
changes sign, from positive to negative, once the Coulomb barrier has
been crossed and the strong nuclear force is dominant.

A schematic wavefunction for two nuclei is shown in the lower diagram,
in both the Coulomb domain, in the strong nuclear domain and in the
barrier region between the two. It is clear that there is a finite probability
of barrier penetration which allows the strong nuclear force to bind the
nuclei together and release energy through fusion.




Coulomb Barrier Penetration — I

Conditions under which fusion can occur are:

Nuclei interact through the four forces of physics, though only the electromagnetic
and the strong nuclear forces are important here.

Two positively charged nuclei must overcome a Coulomb barrier (a long range force
o %) to achieve a separation where the strong nuclear attractive force dominates
(~ 107 m, which is the typical size of a nucleus).

Height of the Coulomb barrier is estimated by z; 2o 62/(4 ey r) where z; and 2y are
the numbers of protons in the two nuclei, e is the electronic charge (1.6 x 107 C)
and € is the permittivity of free space = 8.85 x 1072 C?N~tm~2.

There is a finite probability for a particle to penetrate the Coulomb barrier as if a
“tunnel” existed; this quantum mechanical effect was discovered by Gamow (1928)
in connection with radioactivity.

Penetration probability as computed by Gamow is exp(—2120¢/(eo hv)) which
increases as the particle velocity v (and hence energy hv) increase.

For an ideal gas, v will have a Maxwellian distribution and so the fusion probability

is given by
P ( Tz 2262) ( muv?

fusion X EXP(—————) XP(—7777).

ehv 2kT
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The Gamow Peak is the product of a Maxwellian distribution
(representing the distribution of thermal energies among nuclei) and the
probability of tunnelling through the repulsive Coulomb barrier. Clearly
fusion is therefore most probable in the energy window defined as the
Gamow Peak, where the probability is highest of nuclei having enough
energy to penetrate the Coulomb barrier. The area under the Gamow
Peak determines the reaction rate.



Gamow Peak — I

The Gamow peak is the product of the Maxwellian distribution and
tunnelling probability (Prusion):

e Area under the Gamow peak determines the reaction rate.

e The higher the electric charges of the interacting nuclei, the
greater the repulsive force; hence the higher T has to be before
reactions occur.

e Highly charged nuclei are obviously more massive and so reac-
tions between light nuclei occur at a lower T' than reactions be-
tween heavy nuclei.
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The PP Chain has three main branches:

e PP I

5)

e PP III
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The most important series of fusion reactions are those converting H to He; this
dominates ~ 90% the lifetime of nearly all stars

Fusion of four protons to give one *He is completely negligible.
Reactions proceed in steps involving the close encounter of two particles.

The PP-Chain and CNO-Cycle are the main steps and are considered
here.

The PP-Chain has three main steps shown on the previous slide.
Relative importance of PP I and PP II depends on H-burning conditions

(T, p, abundances). The transition from PP I to PP II occurs at 7 >
1.3 x 107 K.

When T > 3.0 x 107 K the PP III Branch dominates over the other two,
but the CNO-Cycle begins to take over in this case.




PP Chain — Il

Energy released in the formation of an a-particle by the fusion of four protons
is the mass difference of four protons and an a-particle:

Qp-p = [AM(*H) — M(*He)] ¢* = 26.7MeV

The fusion of four protons to give an a-particle involves the conversion of
two protons into neutrons.

Spin conservation requires that two neutrinos also be emitted which carry
energy away from the reaction site.

Neutrino emission directly confirms the occurrence of nuclear reactions in
the solar interior. No other direct test of nuclear reactions is possible.

Mean neutrino energy flux is ~ 0.26 MeV for 2H creation (PP I and PP II)
and ~ 7.2MeV for § — decay (PP III).

But as PP III makes only a small contribution, the energy released for
each a-particle created is ~ 26 MeV.




CNO Cycle

At birth, solar metallicity stars contain a small (~ 2%) mix of heavy elements,
some of the most abundant of which are carbon, nitrogen and oxygen; these in
effect act as catalysts in the conversion of hydrogen to helium:

204+ 1H — BN 4 4
BN = BC+e + 1,
BO4+1H - “N 44
UN4+1H - B0+~
B0 = PN+ et + 1,
BN +1H — 2C + *He
In a steady state, abundances of isotopes will be such that those which react

more slowly will have the higher abundance. The slowest reaction is proton
capture by "N and so most '2C is converted *N.




PP Chain and CNO Cycle Temperature Dependence — |

The PP-Chain and CNO-Cycle have very different energy generation rate tem-
perature dependencies. Because energy generation in the CNO-Cycle is limited
by the slowest reaction, energy generation rates are of the form:

P = (ePP)U an2 T and

CNO CNO 18

€ :(6 )OpXHZf\]T .
Here (¢")y and (¢®NO)y are constants of proportionality, Xy is the hydrogen
mass-fraction, Z is the metal mass-fraction and fy is the nitrogen fraction in
the metal mass-fraction.

Equating the two gives the temperature at which the PP-Chain and CNO-Cycle
generate energy at the same rate:

T~ [( (") Xu

eNOY Z fx

1/14

K and approximately

T~17x%x10"K.
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Contributions to observed luminosity in a 1 Mg star as functions of the
central temperature are shown for the PP-Chain and CNO-Cycle. The
filled black circle represents the position of the Sun showing, in this case,
that almost all energy comes from the PP-Chain.




Helium Burning — Triple-a Reaction

The simplest reaction in a helium gas should be the fusion of two helium nuclei,
but there is no stable configuration with A = 8:

o The half life of ®Be is 2.6 x 10716 seconds

e A third helium nucleus can be added to $Be before decay, forming '2C by
the “triple-alpha” reaction

He + "He — ®Be
5Be + *He — 2C + 7.

e The existence of an energy level in the >C nucleus with an energy close to
the energy of the combining *Be and *He nuclei was proposed by Hoyle and
subsequently found by experiment; this allows the “triple-alpha” reaction
to proceed to the expected rate.

e Energy released by the two-stage “triple-alpha” is
Q30 = [3 M(*He) — AJ(”C)} & =T7.275MeV

or about 10% the energy generated per unit mass when converting hy-
drogen to helium.

o The temperature dependence is astounding:

€3u x /)2 T40




Carbon and Oxygen Burning — |

The fusion of two 2C nuclei can proceed in one of the following w

L+ 20 = Mg 4y
Mg +n,
BN

a4+ 'H,

— Ne +*He and

— %0 + “He + *He.
Similarly, the fusion of two %0 nuclei can proceed in one of the following w

190 +1°0 —

+*He and

+ "He + *He.

DA



Carbon and Oxygen Burning — Il

Carbon burning requires 7 > 5 x 108 K and oxygen burning 7 > 10° K.

Interactions between 2C and 10 are negligible as at the temperatures re-
quired to penetrate the Coulomb barrier, >C nuclei are quickly destroyed
by interacting with themselves.

Branching ratios for the 2C and %0 reactions are temperature dependent
probabilities.

RO+ 12C — ~13MeV (~ 5.2 x 108 Jkg™).
160 4160 — ~ 16MeV (~ 4.8 x 108 Tkg ™).

Protons, neutrons and a-particles produced are immediately captured by
heavy nuclei, creating a variety of isotopes by secondary reactions.




Nuclear Statistical Equilibrium

56

Two 28Si nuclei could fuse to give *Fe which is at the end of the fusion

chain.

But the T required to penetrate the Coulomb Barrier is now higher than
that at which 2Si photodisintegrates (T ~ 3 x 10°K).

Light particles emitted by 2®Si photodisintegration are absorbed by other
2881 nuclei.

Another example of photodisintegration is the reaction
160 + *He +» ®Ne + v

which proceeds to the left when T > 1.5 x 10° K and to the right when
T <1.5x10°K.

Although reactions tend to a state of equilibrium, a leakage occurs towards
the stable iron group (Fe, Co and Ni) nuclei which do not photodisinte-
grate until 7 < 7 x 10°K.




Major Nuclear Burning Processes

Element Process Tihreshold Products Energy Per
x 106K Nucleon (MeV)

pp ~d He 6.55
CNO 15 He 6.25

3a 100 C, 0 0.61
C+C 600 0, Ne, Na, Mg 0.54

040 1000 Mg, S, P, Si ~0.3
Nuc Eq. 3000 Co, Fe, Ni < 0.18

e Energy release by the consumption of nuclear fuel is the common feature.
e There is a large variation in the rates of energy release.

e Nuclear processes can also absorb energy from the radiation field with consequences which
can be catastrophic.
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The table summarises fusion reactions which are understood to occur in
stars, the reactants (Element), reactions (Process), minimum
temperature for the reaction ( Tthreshold), products and energy released
per nucleon. Consequences that can be “catastrophic” if nuclear
processes absorb energy from the radiation field are a dramatic drop in
the stellar luminosity and radius as happens for example at the beginning
of core helium burning in 1 Mg, stars.




Solar System Abundances - |
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Given that Big-Bang Nucleosynthesis produces H and He with traces of
Li, Be, B and C, aggregate stellar evolution over several generations of
stars in the Milky Way, needs to explain the observed chemical element
abundance pattern shown in the diagram. In particular, the fact that
nuclei with even numbers of nucleons are more abundant than those with
odd numbers of nucleons needs an explanation.



Solar System Abundances - |l
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An interesting exception occurs for the elements Os, Ir, Pt and Au where
nuclei having an odd number of nucleons are as abundant as those
having even numbers of nucleons in their nuclei.




S-Process and R-Process — |

Elements having Z > 28 (nickel) are created by neutron capture:

e Neutrons are produced during C, O and Si burning.

e Neutron capture is not limited by the Coulomb barrier and it can proceed
at relatively low temperatures.

e Limited by the availability of free neutrons.
e [f enough neutrons are available, a chain of reactions becomes possible:
(A, Z) +n—L(A+1,2)
LA+ 1,Z)+n—L(A+2,2)

LA+2,Z)+n—3(A+3,7Z) ete..

o [f a radioactive isotope is formed, it will undergo 5 decay, creating a new
element
INA+N,Z) = JAA+N,Z+ 1) +e + 1%




S-Process and R-Process — |l

If the new element is stable, it will resume neutron capture; otherwise, it may
undergo a further series of 5 decays.

JA4+N,Z+1) 5 K(A+ N, Z+2)+e¢ + 1,
KA+N,Z+2) - LA+ N, Z+3)+e¢ + cte.
In the process, two types of reaction and two types of nuclei are involved:
e neutron captures and 8 decays and
e stable and unstable nuclei.

Stable nuclei may only undergo neutron captures whereas unstable nuclei may
also undergo 5 decays; in this latter case, the outcome depends on the timescales
for the two processes.

Neutron capture reactions may proceed more slowly or more rapidly than com-
peting 5 decays. The different chains of reactions and products are called the
s-process and r-process.




S-Process and R-Process — |11

3

Neutron densities of 10° cm™ and 10% cm™ are respectively required for

the s-process and r-proce:

2C and '°0 burning in Asymptotic Giant Branch (AGB) star envelopes
produce the neutron density required for the s-process.

Nuclei formed by the s-process are always close to the line of stable nuclei
in the (A, Z) diagram.

A r-process neutron density may only be achieved in a supernova.

Neutron capture during the r-process is so rapid that neutron-rich nuclei
are formed faster than the 8 decay can remove them.

Once a complete nuclear shell is formed in either process, adding fur-
ther neutrons becomes only possible once 5 decay has converted enough
neutrons into protons for a stable nucleus to be formed.

Fission involving v decay limits the nuclear mass produced.

About 35 nuclei are proton rich and cannot be produced by the s-process
or r-process. A proton capture reaction (p-process) is involved.




S-Process and R-Process — |V
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Formation of heavy elements by the S-Process and R-Process are shown
in the diagram which plots the number of protons in the nucleus (Z)
against the total number of neutrons (). The black horizontal line
shows how new isotopes of the same element are formed by neutron
capture. Boxes represent positions of radioactively stable isotopes labelled
“s", “r" or "p" depending on processes which lead to their formation.
Black lines at 45 degrees (negative gradient) show how new elements

(Z — Z +1) are formed by S-decay. Shaded boxes are elements that can
only be formed by the S-Process because the R-Process forms stable

nuclei (with the same number of nucleons) which block further 3-decay.



Lecture 5: Summary

Essential points covered in fifth lecture:

Stellar evolution is determined by reactions that occur in stellar interiors.

Binding energy per nucleon determines the most stable isotopes and there-
fore the most probable end products of fusion and fission reactions.

For fusion to occur, quantum mechanical tunneling through the repulsive
Coulomb barrier must occur so that the strong nuclear force (which is a
short-range force) can take over and hold the two nuclei together.

Hydrogen is converted to helium by the PP-Chain and CNO-Cycle.

In due course, helium is converted to carbon and oxygen through the
3a-reaction.

Other processes, such as neutron capture reactions, produce heavier ele-
ments.
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