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1 Disclaimer

Special thanks to Pedro Ferreira who kindly provided his Cosmology lectures notes and Adrianne
Slyz who graciously shared the material of a chapter she wrote on the relation between fine-tuning
and large scale structure (OUP, J. Silk et al editors). The first part of my lectures notes heavily draws
from this source, and in particular covers the same material and adopts a very similar structure. I have
also endeavoured to use the same notation as that of Steve Balbus’ lectures on GR & Cosmology in
the 3¢ year course. Thus, although I present a brief overview of the homogeneous Universe model at
the beginning of these lecture notes to make them more self-contained and refresh the memory of the
reader concerning this notation, I assume that the material related to this topic is known.

These notes are, by and large, a direct transcription of what I write on the blackboard (with the
exception of GR perturbation theory where I provide more intermediate steps in this manuscript).
Thus they should be considered as an introduction to the subject rather than a definitive treatment. I
perused many text books to write these notes, and here are my main sources of inspiration:

[L]: A. Liddle, An Introduction to Modern Cosmology, Wiley

[P]: J. Peacock, Cosmological Physics, CUP

[TP] T. Padmanabhan, Large Scale Structure, CUP

[D]: S. Dodelson, Modern Cosmology, Academic Press

[KT]: E. Kolb & M. Turner, The Early Universe, Addison Wesley.
[SG]: L.S. Sparke & J.S. Gallagher, Galaxies in the Universe, CUP
[BT]: J. J. Binney & S. Tremaine, Galactic Dynamics, PUP

[BM]: J. J. Binney & M. Merrifield, Galactic Astronomy, PUP
[W]: S. Weinberg, Gravitation and Cosmology, Wiley

In each section of these notes, I have suggested which of these books I believe is best suited to study
the topic at hand in more depth.

Finally, I apologise in advance for any typo/error in these notes: please do not hesitate to contact
me when you find one (including a departure of notation from the 3*@ year course) so I can get the
chance to fix them quickly. This will be much appreciated.

2 The Homogeneous Universe

As was established in the 3™ year GR & Cosmology course, the most general spacetime metric in an
homogeneous and isotropic Universe, where one can define a uniform time is given by (see e.g. [W],



chapter 13 for proof):

ds? = Guvdxtdx”

-1 0 0 0 cdt
B 0 a[t]/(1— Kr?) 0 0 dr
= (cdt dr df do) 0 0 a2 [f]r? 0 20
0 0 0  a®[t]r?sin?0/) \d¢
2
252 2 2702 2 20 12
= —cdt +&[t]<1—Kr2+Td9 + 7 sin 9dq§> (1)

where g,,,, is the (diagonal) covariant metric tensor, c is the speed of light in vacuum, K is a constant
indicative of the spatial curvature of the Universe and alt] is the time dependent expansion factor*.
r, 0, ¢ define a comoving (spherical) coordinate system — i.e. a system in which an observer at
rest moves along with the expansion of the Universe. This metric is called the Friedmann—Lemaitre—
Robertson—Walker (FLRW) metric, and we have adopted the space-like sign convention (—,+,+,+)
for the metric signature, as in the 3rd year course.

The same considerations about homogeneity and isotropy also imply that if we sit in the comoving
frame in which the fluid" which fills the Universe is at rest*, its energy—momentum tensor can be
written in a simple diagonal form as:

—plt]l 0 0 0
o o P oo o
=1 o 0o Py o @
0 0 0 P[

where p[t] and P[t] are the (time dependent) average density and pressure of of the fluid. Indeed,
starting from the general form of the energy-momentum tensor

T = (plt] + P[t]/*)UpUa + Plt]gua

where U, = (—¢,0,0,0) is the covariant 4-velocity of the fluid at rest, we can multiply it by the
contravariant (Or inverse) metric tensor,

~1 0 0 0
w | 0 (1—=Kr?/a?t] 0 0
10 0 1/(a?[t]r?) 0

0 0 0 1/(a®[t]r?sin? 0)

*K = 0 for a flat (Euclidean) universe, K > 0 for a closed (spherical) universe and K < 0 for an open (hyperbolic)
one. In what follows, contrary to what was done in the 3¢ year course, we will choose that K~/2 (= a in 3'4 year
course parlance), like 7, has the dimensions of a length, so as to be able to normalise the dimensionless expansion factor
(called a[t] here instead of R[t] in the 3" year course) to unity at present, i.e. set ag = altg] = 1. This arbitrary choice
takes advantage of our freedom to simultaneously rescale a, K and r without changing the geometry of spacetime. Unless
otherwise mentioned, in these notes the subscript 0’ indicates time dependent quantities evaluated at the present time ;.

"We only consider ideal fluids in these lectures. For a discussion of cases when this approximation breaks down, see
e.g. [D].

Note that this choice is even possible for a fluid of photons, in spite of these latter travelling at the speed of light in
any reference frame, as the velocity of the co-moving frame is simply the bulk velocity of the fluid.
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to obtain
T, = (p[t] + P[t]/)UU” + Plt]or . (3)

Using the normalisation ¢"*U,U, = U,U* = UyU® = —c?* then yields equation (2). The nature of
the fluid then needs to be specified by an equation of state of the form P = Plp].

Finally, Einstein’s field equations derived in the 3™ year course — with the same convention
(+,—,—) for the signs in front of the metric, Riemann tensor and energy-momentum tensor respec-
tively — relate metric and energy momentum tensor, thus describing the interaction between space-
time and matter:

1 8tG

RW - igwR = —?

where R, and R, the Ricci tensor and scalar, are functions of g, and its first and second derivatives

with respect to coordinates, GG is the universal gravitational constant and A is the so-called cosmolog-

ical constant. As you have seen in the 3" year course, using the explicit forms of the FLRW metric

and ideal fluid energy-momentum tensor given by equations (1) and (2), these field equations (4) yield
the following pair of simple independent equations (Ry and R;;0;; (= R,,) terms respectively):

T + Mg 4)

da\” _ 8rGa’[t] Aa?[t)c? >
<$> = T3 Al ke ®
d*a  4nGalt] Plt] Aalt]c?
e~ 3 (p[t] i ) T ©

called the Friedmann—Lemaitre (FL) equations. Together with the equation of state of the fluid, these
two equations constitute a closed system, i.e. they completely describe the dynamical evolution of an
homogeneous and isotropic Universe.

It is convenient to define the Hubble parameter (a.k.a. the expansion rate of the Universe), H [t] =
alt]/a[t], where the dot over alt] stands for the derivative w.r.t. time, and a critical density

HT—SH%ﬂ
Pl = “gr@
obtained by setting A = 0 and K = 0 in the first FL equation (i.e. equation (5)). Finally, rather than

the expansion factor, observers will talk about the cosmological redshift, = = ag/at] — 1, as it is the
quantity which is directly observable. Given these definitions, one can rewrite equation (5) as:

A2 3K(1+2)?
81G 811G

pelz] = pl2] +

We can also compare all energy densities of the form px[z]c? — where the subscript X = {v, M, V, K}
indicates contributions from relativistic matter, non-relativistic matter, vacuum energy and curvature
respectively — to the critical energy density value p.[z]c?, and write the ratios as dimensionless
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functions of redshift, Qx[z] = px|[z]/pc[z]. We already have py[z] = Ac?/(87G) and px|z] =
—3Kc*(1+2)%/(87@) in the previous equation, so we just need to separate p|z] into a non-relativistic
contribution p,[z] and a relativistic one p, 2] to obtain:

Qurlz] + Q2] + Q2] + Qklz] =1 (7)

Note that only 2 |z] can be negative in this equation. Making the scalings with redshift explicit, i.e.
pumlz] o (1+2)3, pylz] o (14 2)% py[z] = constant, pk[z] o (1 + 2)? and choosing as a reference
the present day values, we can rewrite the equation governing the expansion rate of the Universe in
the following convenient form:

H?[2] = H§ (D01 + 2)° + Qy0(1 + 2)* + Quo + Qi o(1 + 2)7) (8)

Current best estimates for these are 25,9 = 0.317, Qv = 0.683, Qx o = 0.0, 0, o = 9 X 107°, and
Hy = 67.2 km/s/Mpc (c.f. Planck collaboration results 2018)3.

Going back to equation (1), one notices that by defining a new time variable 7, called the confor-
mal time, as dn = dt/a|t], it is possible to factor the expansion of the Universe out of the spacetime
interval ds?, which then reads:

dr?

2 _ 2 2 2
ds —a[n} (—Cdﬁ +1——I(T’2

+ 7r2d6? 4+ r*sin® 0 d¢2> . 9)
71 1s the amount of time it would take a photon to travel from where an observer is located to the
largest distance it can observe, provided the Universe stopped expanding. Which leads us to define
the important notion of comoving, or particle horizon, Ry[t], as the maximum distance a massless
particle can have travelled since the Big Bang:

tdt/ o] dZ/
Rult] = en = C/o alt] = Rplz]=c el (10)

z

Note that since the proper distance is equal to the comoving distance times the expansion factor (i.e.
these two distances are equal today, at z = 0, because by convention ag = 1), the proper distance to
the particle horizon at any redshift is simply Rp[z]/(1 + 2).

3 Newtonian Evolution of Cosmological Perturbations

So far, we have built our understanding of the expanding Universe on an extraordinary simplifying
assumption — that at any given time, it looks the same everywhere and any direction. This assumption
is underpinned by observations of the cosmic microwave background radiation which we find to be
uniform to within one part in a hundred thousand. Yet we also know that the Universe cannot be

SIn the remainder of these notes we will drop the 0 subscript and write (2; = €2, ¢ i.e. assume these parameters have
their present day values, unless the situation is ambiguous. Note that the {2y contribution in equation (8) can also be
generalised to a more complex form of "dark energy’, with a different equation of state.



perfectly smooth. The latest observational surveys have identified large scale structures in abundance:
galaxies grouped together in clusters, filaments and walls or separated by large empty voids that can
span hundreds of millions of light years. Indeed, the mere existence of galaxies, stars and planets
indicate that the Universe looks more and more anisotropic as scales become smaller and smaller.

Therefore, if we are to understand the formation of large scale structure, we must go one step
beyond the homogeneous Universe and derive the differential equations which govern the growth of
small inhomogeneities, i.e. allow for spatial variations in the evolution of energy density, pressure,
and gravity. In this section, we will use Newtonian gravity when doing so. However, before we go
any further, it is important to make the following disclaimer, to clarify the situation: it is impossible
to study cosmology using Newtonian gravity in a mathematically rigorous and self-consistent way,
for all type of fluids and at all perturbation wavelengths. Having said that, as we will see in the
following section, Newtonian gravity does provide us with the qualitative and quantitative behaviour
of perturbations that we would find in a proper, general relativistic treatment, at least in the case of
massive, non-relativistic particles.

More specifically, let us consider the case where matter is an ideal, non-relativistic self-gravitating
fluid. At the epoch where it is the dominant component® the equations governing its dynamics are:

. D,
S+ 5 (D) 7] =0, an

where 7”is the position of a fluid element in physical (proper) coordinates and # its corresponding ve-
locity. Equation (11) represents mass (energy) conservation. We also have conservation of momentum
(Euler’s equations)

ou

Fl g

7+ (*a)a[m} = Oyt pry (12)

and finally, Poisson’s equation for the gravitational potential ¥ which writes':

8 2
(§,> U7, t] = 4nGp[r, 1] . (13)
Rigorously speaking, these equations are only valid on scales which are small compared to the particle
horizon previously defined, and when the fluid is far away enough from a black hole.

One can more conveniently re-write these equations in a comoving coordinate system defined by
Z = 7/alt]. In such a system, we have « = aZ + ¥[Z, t| where aZ is called the Hubble flow as it is the

*This is less restrictive than it may seem, given the values of the cosmological parameters quoted in the previous
section. According to these our Universe becomes matter dominated when Q[2] = €,[2], i.e at z ~ 3400 and stops
being so when Qv [z] = Qa/[2], i.e. at z ~ 0.3. This spans a time window of ~ 10.2 Gyr, to be compared to the age of
the Universe, ~ 13.7 Gyr.

If one wanted to include the cosmological constant A it would appear on the RHS of this equation with a negative
sign.



velocity contributed by the expansion of the Universe and 9[Z, ] is the peculiar velocity of the fluid
element. This leads to*:

ap ., 3a 10, .. B

E[l’,t] + ;p[w,t] + T (pv)[Z,t] = 0 (14)

ov ., 1L/_,0)\ _. a,, . 10 . 10 .,

E[m,t] + o (’U%) U[Z, t] + av[m,t] = —aafé[m’,t] ~ 8:?P[ac,t] (15)
10\ B} i
—— | O[%t] = 4nGplZ, t]+ 3— (16)
a 0% a

where we have defined a new gravitational potential ® = ¥ + %ade to cast equation (15) in a simpler
form.

In the limit where the fluid is only slightly perturbed compared to the homogeneous and isotropic
background (which we know is a valid assumption at the time when the cosmic microwave back-
ground is observed, around z ~ 1100) we can write p[Z,t] = p[t](1 + J[Z,t]) with the density
contrast 0[7,t] = (p[Z,t] — p[t])/p[t] < 1, v[7,t] < aF, P[Z,t] = P[t] + 0P[#,t] = P[t] +
(OP/dp)s 6p[T,t] = P[t] + 2pd[Z,t] for adiabatic perturbations with associated sound speed c;,
o7 1] <« %ade and the bar above a variable indicates the homogeneous background average.

Linearising equations (14) (15) and (16), i.e. using the FL equations to cancel the O'" order terms
and keeping only the first order terms in all the perturbed variables (which we leave as an exercise),
one obtains:

o . 105
ov a_, 10 _ 2o
V2 [T, t] = 4nGpa’[T, ] (19)

Finally, taking the gradient of the perturbed Euler equation (18) and using equations (17) and
(19) to get rid of Vz ¥ and V% ® respectively, yields the following 2"® order linear partial differential
equation for §:

. 2
B, 1] + 2HO[T, 1] — 2 V26[F, ] = 4rGp o[, 1] . (20)
a

This equation is more easily studied and solved in Fourier space. Taking its Fourier transform®,

9N _1[(9
8Ftia or ),

#Being careful about the variable changes:

9N _ (9 _af- O
o). \ot), a oL ),
$The Fourier transform of § is defined as
1

olZ,t] = @) /dgk Sy exp(—ik - )




equation (20) becomes

.. . 2
Ok + 2H oy + (%k? — 47er) =0, (21)

or

[ Sy + Hoy + (2k* — 4nGa®p) b = 0 ] (22)

using the conformal variables defined in equation (9), and replacing the partial derivative w.r.t. con-
formal time, 0/0n — '. The conformal Hubble parameter is thus H = a’/a = aH. This is arguably
the most important equation of these Cosmology lectures, as we will come back to it time and again to
understand the growth of structures in the Universe, even in the non-linear regime relevant to galaxy
formation!

4 Relativistic Cosmological Perturbation Theory

The Newtonian analysis developed in the previous section clearly has limitations. In particular, it fails
for perturbations with sizes comparable or larger than the particle horizon, and for fully relativistic
fluids at both large and short wavelengths, as the fluid pressure also contributes significantly to the
active gravitational mass in this case, unlike in the Newtonian case where only the inertial mass
matters.

Unfortunately, the physical interpretation of the results obtained is less transparent in General
Relativity (GR) than in the Newtonian theory of gravitation. The main problem arises from the
freedom in the choice of coordinates that GR allows to describe perturbations. Indeed, in contrast
to the homogeneous and isotropic Universe where the preferable coordinate system is fixed by the
symmetry properties there is no obvious choice as soon as we introduce perturbations. Freedom in the
coordinate choice, called gauge freedom, generally leads to the appearance of fictitious perturbation
modes which only reflect the properties of the coordinate system used.

To illustrate this point, let us consider the unperturbed homogeneous and isotropic Universe,
where p[Z,t] = p[t], and define a new time coordinate, ¢’ related to ¢ via t' = ¢ + Jt[Z,t]. The
mass (energy) density in this new coordinate system, p'[Z,t'| = p[t[,¢']], when evaluated on the
hypersurface ¢ = C**, will in general depend on the spatial coordinate Z. Assuming 6t < t we can
then write p[t] = p[t' — t[Z,t]] ~ p[t'] — pot[Z,t] = p[t'] + dp|¥, '], where the (fictitious) linear
perturbation term p[Z, t'] is entirely due to our choice of a new "disturbed" time coordinate!

In the same way that fictitious terms can appear, real perturbation terms may disappear depending
on our choice of coordinate system. There exist two (related) ways to overcome this problem. The
first one is to calculate only combinations of metric perturbations which are gauge invariant, i.e. that
are identical under any change of coordinate system. These combinations are called the Bardeen




variables. Alternatively, we can fix the gauge, and keep track of all perturbations, metric and matter.
It is this approach that we will follow here, adopting the convenient Newtonian gauge, which is
uniquely defined for perturbations that decay at spatial infinity* and commonly used to study the
formation and evolution of large scale structure and cosmic microwave background anisotropies.

We will further restrict ourselves to scalar perturbations of the metric and associated energy den-
sity inhomogeneities, as these are the most relevant for structure formation, which is the main topic of
these lectures’. Finally to avoid overly complicated calculations, but also because the measured val-
ues of the cosmological parameters given in the previous section indicate that our Universe satisfies
this constraint to a high degree of accuracy, we will restrict ourselves to a flat FLRW spacetime.

More specifically, this means that our starting point will be the conformal metric of equation (9),
with ' = 0, cartesian spatial coordinates instead of spherical coordinates as spherical symmetry is
broken anyways when perturbations are present. We then perturb this metric using a single scalar
component ®, such that*:

29 29 o
ds* = a*[n) (— (1 + F) dn® + <1 - ?) 5ijdxldx3> : (23)

You should be familiar with the Newtonian limit where you set a[n] = 1 and ® is the standard New-
tonian gravitational potential with the same definition than in the previous section (hence the name
of (conformal) Newtonian gauge). As is customary, wherever we use latin indices, they run over the
spatial part only, whereas greek indices span the whole of spacetime. We can view this metric as a 0'!
order part (which is just the usual FLRW metric) and a linearly perturbed part, i.e. as g, = g +99,
with g, the usual metric of the homogeneous background Universe.

From there, we need to work out the linearly perturbed Einstein field equations which, if we ignore
the cosmological constant term on the RHS®, will formally look like:

5Gp =~ 57

v
ct K

(24)

“see [D] for a discussion of what specific gauge choices entail.

fOnce again we refer to [D] for a discussion of the scalar-vector-tensor decomposition of metric perturbations, but
note that, in any case, in the linear regime which we will explore in these lectures, these different perturbation modes
evolve independently of one another, so that our results for scalar perturbations will hold regardless of whether vector or
tensor modes are present.

¥A couple of remarks. Firstly, we use this form because it makes direct contact with the gauge invariant Bardeen
variables previously discussed. Second, the scalar perturbations of the time part and spatial part of the metric have a priori
no reason to be the same, which is why if you look at Cosmology text books, you will see two different variables ¥ and
® used. In writing the metric as we do here, we are ignoring any source of anisotropic stress, in which case ¥ = ®.
Since anisotropic stress generally is a second order effect, ignoring it is a reasonable approximation in linear perturbation
theory.

$1t is easy to add it back in at the very end, so we leave it as an exercise, especially since we ignored its presence in the
Newtonian theory as well in the previous section and we wish to make the results of the two sections as easily comparable
as possible.



where we have written the Einstein tensor G, as the usual linear combination of the Ricci tensor R,,,,
and the metric tensor times the Ricci scalar R:

1

igm,R .

Let us start with evaluating the LHS of equation (24). To do so, the first step is to calculate the
connection coefficients:

G = R —

1
Fﬁp = égua(augap + apgow - aagup)‘ (25)

We thus write the co- and contra-variant conformal metric of equation (23):

2 [(—(1+2®/c?) 0
Jap = a”[n] ( 0 (1-— 2@/02)5ij)

@ _L _<1_2(I)/02) 0 .
g = a?[n] ( 0 (1+ 2@/02)5”)

and

respectively, where we used the fact that for e < 1, (1 +¢€)~! ~ 1 — ¢. We then substitute these in the
definition of the connection coefficients of equation (25) to obtain':

1 —1+2®/c Yy P P2
F80=2 angoo—T/ Do (—a*(1428/c%)) :__1___’_%

Iy, = ;goo digoo = 4;722@/02 0; (—a*(1 +2®/c%)) = af

Iy, = ;gu( djgo0) = 1+ 2;;262) o 9; (a*(1+22/c%) = 8;@

Iy = % 0(—0ogi;) = 1_22—(5/0 Qo (a*(1 —2®/c?)d;5) = (% - 47—[; - %’) 0ij

Iy = ; *(Dogrj) = a+ 2;;/26 ) o Ao (a*(1 —20/c*)dy;) = (% — %) 5

T, = %gil(ajgm + Okgij — Oigjk) =— aé;bék O —0) + aclg)éjkéil.

where we have, by analogy with equation (22), used the following notation for the partial derivative

w.r.t. conformal time: ¢dy — 0/dn — '. Notice that the expressions for I'fy, I'Y; and I',; have a 0"
order bit (the H terms) and a first order bit — the 0** order bit you have already derived when working
out the FL equations (5) from scratch in the 3¢ year GR & Cosmology course.

IRemember we neglect all quadratic or higher order terms in small quantities — which we denote generically by
O(®?/c*) in the first calculation, but drop altogether in the remainder of these lecture notes.

9



Now we turn to combining the connection coefficients together to obtain the Ricci tensor:

Ry, = 8,14, — 0,1, + ) I, — T Ta

pa vp p= o
Starting with the time component of the tensor
Roo = 00T'8, — 0aT5 + Touls — Tool'%s

we notice that if a = 0, each pair of terms cancels, so we only need to sum over o = 7. We are then
left with four terms:

i ’ i fH/ ol
80F0i = 60(7‘[/6 — CI) /03) 51 — 3@ . 3?
i i V2o
airoo = 8Z8 CI)/C2 — Z
Loilys = 0:00* Hie— o [ (e — @ )5t = 375 — u Y
0ilhs = 0,2 F]C" + (H/c— @' /)6 (H)c — @' /P)5! = 5 OH—
i . 7‘[2
Toolls = (Hfc+ @' /) (H/c — @' /) 5] =35

So we find, keeping only up to first order terms in the perturbed potential, ®:

W Ve
R0023§_3g_ c2 ct

Note that, once again, it splits into a 0** order bit (first term) and a linear bit (last 3 terms). Repeating
this procedure for the mixed components of the Ricci tensor, one obtains:

Ry = 0,1y, — 0,17, + F&F?‘g - ngrgﬂ g

and splitting the index « into time and spatial indices, we now have 8 terms to calculate:

O, = 0,(H/c + @' /c?) _ a;p'
Ly = 000/ _ a;;p'
Lol = (H/c+ ®'/)0,@/* + (M /e — 4HO /" — &' [c')3;/c* = %7
TOT0, = 00(H/c+ @' /) ) + (H]c — ¥ /c*)0,B ) oy af
Ot = 0i(H/c— &' /)6y _ 382?
Ot = O(H/c— @' /c*)oF _ 8§>/
Djulh = Db /e — ¥/ + (e — @) (-85 00 — 8] 0,0 + 040 ) = — 2oy

ToThs = 0,0(H/c— @' /)o [+ (H)c— & [c*)6/ (—650p @ — 6f 0,0 + 6 0,®) /> = 0.
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So we simply have:

0;® 0; P’
c3 —2 3

Ry = —2M

Finally, for the spatial components of the Ricci tensor:

Ry = 0;T%, — 9,08 + T T — T/ T

iat jg — Lijtap>

the same splitting of the index « yields the following 8 terms:

0;,0;®
8jF?0 = 0301@/02 = C;
. H' /(I) o’ o
80F?j = 80(7'[/0 - 47-[(1)/63 - /03) 51']' = (g —4H g — 47‘[6—4 - g) 52']'
2 ) P’
Tl = (H/c— /) (H/c— 4H® ) — V'[P 6, = (7;_2 a 47{2? B 2Hc_4) %
B0 3 @ )3 I H? , @
FZ]FOB:<H/C—4H(D/C —CI)/C )(H/C—F(D/C)él] = §—4Hg 5“
o)
o0 = (-0t 00 — ot + st ) =3
0,0 V0
akaJ = 8k(—5f 8JCI) — 55"‘ 81(1) + (5ﬂ5kl QICD)/CQ = - 28155 + VC2 52‘]‘

B 1k 3 I 1.3 H? 261) P’

o o
1~ 2%—) 5

ct

H2

c2

I)TE, = (Hfc— AHD/P — & /) (H/c— D' /) 6f 6y = 3 (

which we collect to write:

A c?

Y B S S VR VR VENS
Rij:(—g—Q?‘f‘gHg+47‘[/c—4+6%g+__ >5’U

The Ricci scalar is by definition:
R = ¢g"R, = 9" Roo + 2% Ro; + ginij = ¢"Roo + ginij )
as g" = 0. Using the expressions previously derived for Ry and R;;, we get:
Ra* = —(1-29/*)(3H'/* — 30" /c* — V*®/c* — 6HD'/c*) + (1428 /)6
x (=H' ) =21 [ + 8H?®/c* + AH'®/c* + 6HD' /' + @/t — V2D /c?) b

H  HE VO P’ d d
= —6— —6—5+6—F—2 + 24— + 12H'— + 12H°—.
C C C C C C

c2
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We now have all the ingredients to work out the different components of the Einstein tensor. They
are, starting with the time component:

1
Goo = Roo — §gOOR
1
= 3H' /= 3d" /" —V*D/* — 6HD /" + §(1 +2®8/c*)(—6H'/c® — 6H?/* + 69" /!
—2V2D/c* 4 24HD [c* + 12H '/t + 12H?® /)

H? V2o o’

C

(26)

Once again, the first term on the RHS is the 0" order term you have derived in the 3" year GR &
Cosmology course, which yields (simply by dividing by —3 and remembering that we assumed a flat
Universe, i.e. K = 0, without a cosmological constant, i.e. A = 0) the LHS term of the FL equation
(5). The mixed space-time component is simply R, since go; = 0, so:

0; P 0;d’

- 2—
3 3

GOz‘ = —2H

; 27)

with no O*® order term, as expected from the FL equations for the homogeneous Universe! Finally,
the spatial component reads:

1
Gij = Rij— 59i5R

2
= (—H'/EP +4H' D/ + 6HD [t + D"/t — V2D )* — 2H? | + 8H*®/ch) &5
—%(1 — 20/ (—6H'/* — 6H?/? + 69" [c* — 2V?D/c? + 24HD' )t + 12H' D/
—|—12H2(I)/C4) 57;]'

rH/ fHQ P (I)/ (I)”

o
— 2

with the 0*® order term providing two of the terms in the FL equation (6).

We now turn to the RHS of the Einstein field equation (24). From equation (3), we have:
T" = (p+ P/A)U"U, + P§"

where the bars, as usual, denote averaged, homogeneous background Universe quantities. Therefore,
perturbing the stress-energy tensor w.r.t. the homogeneous background yields:

Ty = TV 0TV
= (p+0p+ (P+6P)/*)U"U, + (p+ P/*)(6U*U, + U*SU,) + (P + 6P)s! (29)
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where we have neglected any anisotropic stress perturbation, in keeping with our approximation for
the metric tensor perturbation. We can then write:

G UPUY = (G + 69,0,) (U* + UM (U + 6U") = —c?

and since g, U*U" = —c? as well, this previous equation simplifies to (keeping only linear terms):
89, UPU" + 2§, 0U*UY = 0.

As U, = —ac?)) and U* = c/a 8y, this equation then yields:

o
9% —2026U° x £ =0, i oU® = —— .

a ac

Defining §U* = v'/a, with v* = dx'/dn the coordinate velocity, we can write:
Ut =501 —d/2,vi/e),
a

and since U, = ¢, U", we obtain Uy = gooU° + go;U" = —a?(1 + 2®/c?) x c/a(l — ®/c?), i.e.
Up = —ac(l+ @/c?) and U; = g;0U° + ¢;;U7 = a*(1 — 2®/c?)d;; x v7 /a = av;, so that
U, = —ac(l+ ®/c*, —v;/c).
Injecting these expressions for the 4-velocities into equation (29), we find
Ty = —(p+0p)c* — (P=4P) + (p+ PIHHT— D) + (P+6R)5)
= —(p+dp)c’

Ti — Wﬂpw/e?)(_wcwww
= —(p+P/c*) v’

70 = WJr (p+ P/?) (04 vje) + (P=6R)J]
(

= (p+P/c*) ey,
T = gﬁjmiglﬁﬁmﬁ§;6+Cﬂﬁﬁ%¥ﬁt@ﬁ%P+6@%
— (P +oP).

(30)

An important thing to note is that if we define the momentum density as ¢¢ = (p + P/c*)v?, and
consider the stress energy tensor as the sum of its various component, that is to say we write

T;w = ZT/WX7
X

13



where X stands for photons, baryons, dark matter, etc ..., then the perturbations in density, pressure
and momentum density of these components simply add, i.e.:

5/0:25/0)(; 5P=Z5P)<; qizzqg(-
X X X

We can now plug all these expressions for the perturbed stress energy tensor components into
equations ((26), (27) and (28)) to obtain the linearised Einstein field equations:

G

Gy = —?QONT§
HE V2O P’ 8rGa? Q)
—3?—2 =2 +67-I,C—4 = — 2 p(1+5~|—2§>

where 6 = dp/p as usual, the 0" order terms on both sides yield the FL equation (5) in conformal
coordinates for a flat spacetime and without a cosmological constant term:

8rGa?
W o= 0, (31)
3
and the first order ones give the 00 component of the perturbed equations (24) we are looking for:
. 81Gad® o’
V20 = 4rGa’ps + 2 po + 37—[; :

Upon substitution of equation (31) in the second RHS term, this first order equation simplifies to:

V20 = 47Ga*ps + 3%(%@ + @) (32)

which, for ¢ — oo gives us the Newton-Poisson equation (19). We can also see that if we assume
®’' ~ HO and recall that H ~ 1/n, the relativistic correction term on the RHS is small in front of the
LHS term when kcn > 1", that is when the wavelengths of the perturbations are much smaller than
the particle horizon.

The “relativistic” Newton-Poisson equation (32) can be written in another form if we consider the
mixed term linearised Einstein equation:

G
Gy = —790;‘@“
2 StGa® = -
—gaz‘(?'[q)—i—@,) = = (p+ P/c*)v;

'Obtained by taking the Fourier transform of the equation.
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and integrate it assuming perturbations vanish at spatial infinity and that v; = 0;0 i.e. only the scalar
part of the perturbation matters**, which gives

HO + &' = —4rGa*(p+ P/c*)O.

Injecting this expression in the second term on the RHS of equation (32) then leads to the desired
form:

V20 = 4rGa’p | 6 — ?ﬂ 1+ _i O | = 4rGa’*pA (33)
2 pc2

which also is a Poisson equation but one where the gravitational field is sourced by the gauge invariant
scalar quantity A rather than the energy density contrast 4 only. Note that, once again, when ¢ — oo,

we do recover the Newtonian limit given by equation (19) as A — 4.

Finally the last equation comes from the spatial component of the linearised Einstein equation:

81G
Gij = —791'# ]H
e o o P o $7Ga? [ - o
2%%—%—2—8%’—4—6%—4—2—4—4%2—4 - T <P+5P—2—2P).
C C C C C C C C

In a similar way to the time component, this equation yields a 0" order part:

A7 Ga? P
3 c

where we have used equation (31) to replace the H? term on the LHS. This simply is the second FL
equation (6) in conformal coordinates and without the cosmological constant term on the RHS. The
linear part is thus the only new equation we have derived:

® o P ®  8rGa? o -
SH'— +6H— +2— + a2 = T4 (5P — 2—2P> .
C C C C

ct A

Once again, we can use the 0" order equation to eliminate the P term on the RHS, and introduce the
adiabatic sound speed of the fluid ¢ = 6 P/dp, to simplify this equation a bit:

D" + 3HP + (2H + H*)® = 4nGa’c2 p ] (35)

**More specifically, this means we apply the scalar-vector-tensor decomposition to the perturbed velocity (analogous
to a Helmoltz decomposition of the vector into a curl free and a divergence free part, and writing the curl free component
as the gradient of a scalar — sometimes called the velocity potential), thus writing v; = 9;© + ¥;, and neglecting the vector
part, 9;, in keeping with the assumptions we made for the metric perturbations.
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Although in principle the Einstein field equations (along with the equation of state of the fluid)
provide a complete description of the dynamics of the system, to better make the link with the New-
tonian perturbation theory developed in the previous section, we now derive the relativistic equivalent
of energy conservation and the Euler equations. These two sets of equations are related through the
Bianchi identities as you have seen in the third year course. We thus write the conservation of the
energy-momentum tensor, V, T} = 0, i.e.:

ory+18. 1T —10TH=0. (36)

pot v urs

Let’s consider the v = 0 component of this equation first. It writes:

OTE + Ty + DSAY + Tl TE + TET + +T3,T5 — T3TY — Ty T2 — THT — TiTi = 0,
and injecting the expressions previously obtained for the linear connection coefficients and for the
perturbed stress energy tensor, we get:

—0o(p + 6p)c2 —(p+ P/)cop' — (Hfe— /) 6i(p+ dp)c?
+30;®(p+ P/ v Je — 0'®(p+ P/c*)vi/c — (H]c — @'/03)5g(P+5P)§; = 0,

and keeping only up to the linear terms, this simplifies to:
p'+p's+pd+(p+ P/ )8— +3(H — /) (p+ P/c?) +3H(6p + 6P/c?) =
Splitting this equation in a 0*" order and a first order one, as usual, yields:
p’+37{p(1+%) =0,

which is simply the conservation of energy in the homogenous background’, and

ol P
&+ 1+— @—3 +3H|(=—-—|0=0 (37)
pc? oxr c2 pc?

where we have used the 0'" order equation to replace p’. Note that this gives equation (17)*, in
the Newtonian limit where ¢ — oo. Once again general relativistic correction terms are small for
ken > 1, i.e. sub-horizon scale perturbations.

We now turn to the ¥ = ¢ component of the stress-energy tensor conservation equation (36). This
reads:

T} + asz‘j + Do} + FgoTiO + ngTij + Fiszk — 010 - I%iT]Q - F(]]'iTOj - F{an =0,

TTObtained by differentiating equation (5) w.r.t. time (setting A = 0 first), and using equation (6) to get rid of the
second order derivative of the expansion factor w.r.t. time.
#1n conformal coordinates.
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which yields, upon injecting the linear expressions previously calculated for all these terms,

0 ((p+ P/?) cvi) + 0;(P + 6P)3] + (H/c+ ' /) (p+ P/c*) cv;
+3(H/c— ' /) (p+ P/?) cv; + 0;®(P 4 6P)&! /> — 30,D(P + P)6F )
+0,8(p +0p) — (H/c — &' /)] (p + P/c?) v
+(H/c— AH®/* — D)) S;:(p+ P/c?) cv?

+(67 Op® + 0} 0, — 607 O P) (P + 6P)5F ) = 0.

Keeping only the linear terms in small quantities, we can simplify the previous expression as:

(p+ P/ v+ 0,(0P)+ (p' + P’/ +4H(p+ P/*)) vi+ (p+ P/?) 9, = 0,

and using once more the 0" order conservation of energy equation to re-arrange the p’ terms, we
arrive at the following, more familiar form:

c? 0P c? 00

S

"9z 1+ DP/(p2) 0z (38)

where we have taken advantage that for adiabatic fluctuations P’/p’ = §P/dp = c2. When ¢ — oo
this gives the Newtonian equation (18), but more specifically, the GR correction terms are small when
the sound speed of the fluid is small compared to the speed of light.

As in the Newtonian case, taking the spatial gradient of the perturbed “relativistic” Euler equation
(38) and using equations (37) and (33) to get rid of V@' and V2 ® respectively, yields a (somewhat
complicated and hence not generally useful) 2" order linear partial differential equation for §. It does,
however, simplify to yield equation (22) in the Newtonian limit, i.e. when the fluid considered is non-
relativistic and the scale of the perturbation is small compared to the particle horizon, approximations
generally accurate enough to describe the evolution of large scale structure. For instance, the largest
super clusters of galaxies that we observe today on the sky, like the local Laniakea or the more distant
Saraswati super cluster, have sizes ~ 150 Mpc, which are much smaller than the current particle
horizon (Ry,(z = 0) ~ 14.4 Gpc).

S The Evolution of Large Scale Structure

Let us therefore go back and have a look at equation (22). We can identify a number of features in
the evolution of §, without actually solving this equation. For a start, it is quite clearly the equation
of a damped harmonic oscillator with time dependent damping coefficient and spring constant. The
damping (second term on the LHS) is due to the expansion of the Universe and will tend to suppress
growth. The spring constant (third term in between brackets on the LHS) will change sign depending
on whether £ is large or small. If the positive part of the spring constant, ¢2k?, dominates then we
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should expect oscillatory behaviour in the form of acoustic waves in the fluid. If the negative term,
47Ga?p dominates, then the evolution will be unstable and we should expect &y to grow. The physical
wavelength A ;*, that defines the transition between these two behaviours is given by:

2 s
A = —_— S —
TR (GP)

and is known as the Jeans wavelength. For A > )\ ; gravitational collapse dominates and perturbations
grow. For A\ < \; pressure wins and perturbations do not grow. We can have a rough idea of how
a given system of particles will behave if we note that ¢? ~ kgT/m where kg is the Boltzmann
constant, 7" is the temperature and m is the mass of the individual particles. We can then rewrite the
Jean length as A\; = /7kgT/(Gmp). It is clear that a system which is hot and/or made up of light
particles will have a large ) ;; a cold system with heavy particles will have a small A ;. It is now useful
to find solutions for specific scenarios.

[N

5.1 Pressureless Fluid in the Matter Dominated Era

In this situation we have ¢ ~ 0 and hence A > )\;. We can therefore discard the term which
depends on pressure in equation (22). As we further restrict ourselves to the matter dominated era,
we then neglect all contributions to the energy densities of the Universe in front of that of matter,
so that p ~ py;. Working in conformal coordinates, equation (7) thus reduces to Qy,[n] = 1, i.e.
puln] = peln] = 3H?[n]/(87a*G). In that case, the fluctuations in the pressureless fluid are also
those of the component driving the expansion of the background, and equation (22) simplifies to:

3
B+ MO — SHG = 0.

Finally, equation (8) yields™ a o 7?, so that H = 2/n and trying power law solutions of the form
Ok x n%, one easily finds:

6k = 01772 + 027773 (39)

where C and () are constants of integration. Rewriting both terms of this solution as a function of
the expansion factor a, one gets & o< a and § x a /2 respectively. As a increases with time when
the Universe expands, one readily deduces that the second term decays and becomes sub-dominant
very fast. We are then left with the first term which continues to grow under the effect of gravity as
the Universe expands: for this reason it is generally called the growing mode. Note that we could have
performed the same calculation using the 'normal’ time ¢ rather than the conformal time 7, i.e. we
could have solved equation (21) instead of (22). We would then have obtained &y o< 2/ and 6y o< ¢!
for the growing and decaying mode respectively.

*as opposed to the comoving wavelength, A = \;/a.
Twhen recast in conformal coordinates, and after separating variables a and 7 and integrating.
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5.2 Pressureless Matter in the A Dominated Era

Proceeding the same way as previously, we still have ¢? ~ (0 and A > \; and can therefore discard
the term which depends on pressure in equation (22). However, since we are in the A dominated
era, we now neglect all contributions to the energy densities of the Universe in front of that of the
cosmological constant, so that p ~ py. Working in conformal coordinates once again, equation (7)
reduces this time to Qv [n] = 1, i.e. pv[n] = pn] = 3H?[n]/(87a*G). As there exists by definition
no fluctuation in the cosmological constant which could source perturbations in the gravitational
potential*, equation (22) simplifies to:

v+ Hoy — AnGa’prrbi = oy + 7-[5{(;2}{2/2% =0.
v

where the last term has been crossed out because it is a second order effect: the pressureless fluid is
not driving the expansion of the background Universe and as such its average density py; << py >~ p.
Going back to equation (8) yields a o 1/n, so that H = —1/n and trying once again power law
solutions of the form d, & 1%, one easily finds:

(Sk = 01 + 02772 (40)

where ('} and (), are constants of integration as usual. Rewriting both terms of this solution as a
function of the expansion factor a, one gets d, = C** and dy o< a2 for each of these. Again, since a
increases with time when the Universe expands, one readily deduces that the second term decays and
becomes sub-dominant very fast. The first term, however, does not grow under the effect of gravity
as was the case in the matter dominated era: it stays constant. Note that had we performed the same
calculation using the 'normal’ time ¢ rather than the conformal time 7, we would then have obtained
O = C*" and 0y x exp(—2+/A/3t) for the (non) growing and decaying mode respectively. Clearly
a faster rate of expansion® inhibits the growth of fluctuations.

5.3 Relativistic Fluid in the Radiation Dominated Era

The characteristic properties of the fluid will also affect how it evolves under gravity in an expanding
universe. Consider the growth of perturbations of a relativistic fluid with pressure. An example of this
scenario is of radiation interacting strongly with baryons before recombination. During this epoch,
baryons are dissociated into protons and electrons which interact with photons through Thomson
scattering. The net result is that radiation behaves as a gravitating fluid with pressure P = 1/3 pc?,
i.e. the adiabatic sound speed is ¢ = 1/ V3e. Although we could extend equations (17), (18) and

*.e. a term of the form 47G py 0y with 6y # 0 which would then appear on the RHS of the perturbed Newton-Poisson
equation (19).

Mt is easy to show from equation (8) that the expansion factor, a, grows exponentially with time as exp(1/A/3t) in
the A dominated era, rather than as a power law.
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(19) so that they describe a relativistic fluid!, and use these modified equations to derive the equivalent
of equation (22), it is much more satisfactory to go to the full general relativistic equations that we
have worked quite hard to derive in the previous section. We will thus follow this route and leave
the exploration of the ‘modified Newtonian path’ as an exercise. In the radiation dominated era,
we have p ~ p,, and switching to conformal coordinates, equation (7) reduces to €2, [n| = 1, i.e.
oy = peln] = 3H*[n]/(87a*G). Equation (8) further yields a o 7, so that H = 1/n and finally
equations (31) and (34) give H? = —H' = 1/n? for the background Universe in that case.
Our starting point for the perturbations will be Einstein’s field equation (35):

D" + 3HP + (2H + H*)P — drGa’pSct = 0.
Re-writing the relativistic Poisson equation (32) as:

AnGa’pd = V?® — 3%(7{@ + @), (41)
c
we can use it to get rid of the ¢ term which appears in the previous field equation to get, upon taking
the Fourier transform and using H? = —H/,

AN, + KPP = 0.

Finally, using the expansion factor scaling with conformal time we can simplify this equation a bit
further as:
k2

4
Y Y —®,. =0.
1<‘|'77 kT 7 Pk

The solutions of this differential equation are:

oo () eicyn (35)
Oy =4 —5jn|—= | +A4— — |,
k 1 kcnjl 3 2]%77 Y1 V3

where A; and A, are constants, j;(z) = sin(z)/x? — cos(x)/x and y;(v) = — cos(z)/z* — sin(z) /x
are spherical Bessel functions of the first and second kind respectively. Considering the ‘early times’
limit, i.e. 7 — 0 we deduce that the constant A, must vanish, as otherwise the gravitational potential
would blow up since lim,_,o y;(x)/x = —oo. Note that, contrary to what would have happened had
we followed the modified Newtonian road, this solution is valid for any wavenumber k, even those

1Basically by treating the fluid as a special relativistic fluid which sources the Newtonian gravitational potential. The
perturbed equations then become:

54+4V7/(3a) = 0
T+ HG = —V&/a—c*Vé/(3a)
V20 = 8rGpa’s

where both the extra third in the continuity equation and the factor 2 in the Poisson equation come from the contribution
of the relativistic fluid pressure (respectively P and 3P for these two equations) to the energy density.
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corresponding to super-horizon wavelengths. However, in keeping with the previous sub-sections, if
we only consider sub-horizon modes, i.e. kcn > 1, we get the solution

& 3A; ( kcn)
~ — cos | —= |,
T (ken)? V3
which means that the gravitational potential on small scales oscillates at a frequency kc/+/3 with an
amplitude that decays with (conformal) time as 7772, or in terms of expansion factor as a 2.

Turning back to the energy density fluctuations in the relativistic fluid, equation (41) can be con-
veniently re-arranged into:

2 H 2 2 2n
Ok = 37 (—k2<1>k — 3;(7—[@1{ + @L)) = — (§k2n2 + E) Dy — gq’i(- (42)
For sub-horizon energy density perturbations, i.e. such that kcn > 1, the first RHS term dominates
over the other two. Plugging in the solution previously obtained for the gravitational potential, we
then easily derive that:

2.5 5 24, ken
5k2—§k77(pk:7(308(% .

In other words, sub-horizon energy density perturbations in the relativistic fluid oscillate around
Sk = 0 at a frequency kc/+/3 with constant amplitude. Note that we could also have plugged in
the full solution for the gravitational potential in terms of Bessel functions and considered all the
terms in equation (42), which would allow us to conclude that for super-horizon perturbations with
ken < 1, both @y and dy are constant. Finally let us stress that this way of deriving the evolution of
perturbations which is valid on all scales can also be applied to the matter dominated Universe that
we studied earlier on. We leave it as an exercise to show that in that case, one recovers the evolution
given by equation (39) for dy and that the gravitational potential ®, = A; + A,n~> stays ~ constant.

5.4 Pressureless Matter in the Radiation Dominated Era

Now that we have obtained the evolution of energy density perturbations in the dominant relativistic
fluid, we can look at what happens to the sub-dominant pressureless matter perturbations (c? ~ 0) in
the radiation dominated era, just as we did in the A dominated era. A notable example is cold dark
matter density fluctuations during the radiation dominated era: they are decoupled from the baryon
+ radiation fluid. In this situation, the pressureless matter will not only play a sub-dominant role in
the expansion of the Universe, i.e. p,[n] ~ p = 3H?*[n]/(87a*>G) will still hold, but it will also make
a negligible contribution to the general relativistic version of the Newton-Poisson equation (32). In
other words, on sub-horizon scales (kcn > 1) we will have:

V20 = 47G(p,5, + padn) = 4nGp, (57 + %) ~ 4G40,
gl
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where we have crossed out the second order term. We have already calculated the evolution of 4., in
the previous sub-section and found that on sub-horizon scales these perturbations do not grow, but
oscillate rapidly around zero, so that their time averaged amplitude is also nil. Thus, in this case,
equation (22) can be simplified to:

1
et MO = bt 6 = 0.

The solution to this equation is 6, = C4Inn + Cy, or if we recast things in terms of the expansion
factor, 0y = C Ina + Cs. In other words, the interesting point here is that even though perturbations
in the dominant fluid (the radiation) do not grow, perturbations in the sub-dominant pressureless
matter component do. As it turns out, this logarithmically slow growth is of key importance as
it means that once recombination is finished and baryons have decoupled from photons, baryonic
density fluctuation growth will be sped up as these baryons will fall in deeper dark matter potential
wells. It is this very acceleration of the baryonic collapse which allows high density contrast structures
such as the galaxies we observe today to form rapidly enough.

5.5 Damping of Cosmological Perturbations

There exists situations which do not fit well into the formalism we have been using so far. These occur
when there is imperfect coupling between different fluid components or when the system cannot be
described purely in terms of a fluid and one must revert to a more microscopic description in terms of
the particle distribution function.

5.5.1 The Boltzmann Equation

How to treat the matter distribution without assuming that it is a fluid? Consider the phase space
distribution function f (&, p) where Z is the position and ' is the momentum of individual particles.
The evolution of f is described by the Boltzmann equation:

( 0 0F op

+—'Vf+at

where the collision term on the RHS is generally a complicated multiple integral over momentum
space involving differential cross-sections. Its general relativistic generalisation writes:

B ) of
(e} _ FOL MoV~ — -
(p Oz qu P apa> f ( ot ) coll

5.5.2 Damping During Recombination

Before recombination, photons and charged particles are tightly coupled together, i.e. the mean free
path of the photons is negligible and this radiation and baryon combination can be treated as a single
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relativistic fluid as we did in section 5.3. However as the Universe expands, the density and temper-
ature of such a fluid drop, and photons end up not possessing enough energy to prevent protons from
capturing free electrons and form neutral hydrogen. Their mean free path, given by g, =~ 1/(orn,)
where 1. is the number density of free electrons and o, the Thompson scattering cross-section, thus
progressively approaches infinity and the Universe becomes transparent to radiation. This entails that
during this recombination epoch, for the brief period of time when it transitions from negligible to
infinite, the mean free path of the photons becomes finite.

In other words, as the Universe recombines (around z ~ 1100), n. plummets over a redshift
change of Az ~ 80 and because photons and electrons are not perfectly coupled at that time, the
photons will be able to random walk out of overdensities as they scatter off free electrons. In doing so
they will drag matter from over dense to under dense regions and therefore damp out perturbations on
scales smaller than the characteristic random walk scale. In order to derive the damping scale (known
as the Silk damping scale) rigorously, one needs to use the Boltzmann equation previously given (see
e.g. [P]), but it can be derived approximately using the following route.

Consider a photon that suffers N = cAt/Ang,[t] collisions during recombination. Between two
collisions it travels a comoving distance Ang,/a[t]. Since this is a random walk, this photon acquires a
mean square comoving displacement (Az)? = N (Amgp/a)? = cAmpp[t] At/a?[t], so that the total mean
square comoving distance it travels until the time of decoupling is:

9 / b cdt / Ky cdn CNx
= —_— = =
o orneltla®[t] Jo ornenlaln]  Sorne[ndaln]
where we have used the fact that recombination occurs during the matter dominated epoch, so that

aln] = a[n.](n/n.)* and ne[n] = ne[n.(aln]/a[n.)=> = ne[n.)(n/n.)~°. This yields a comoving Silk
damping scale,

‘== \/ G
Sa[n.orne(n]

using the conformal time at decoupling, 7,. Plugging in numbers for c¢n, = 262 Mpc, a[n,] =~
1/1101 = 9.08 x 1074, o7 = 6.65 x 1072 cm? and n.[n.] = Q0 peo/m, x 11013 ~ 332cm™3
yields Ag ~ 9.2 Mpc. Fluctuations below this scale will be washed out.

5.5.3 Massive Neutrinos During Any Era

Massive neutrinos cannot be described as a fluid- they do not interact with each other and their evolu-
tion must be studied using the Boltzmann equation. On very large scales they will tend to cluster just
like matter and radiation but on small scales, they will tend to free-stream i.e. move relativistically
from one region of space to another. This will lead an overall damping effect, wiping out structure on
small scales. The damping scale will depend on their mass and is roughly given by

30eV
Arg ~ 40 ( M ) Mpc
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Figure 1: The power spectrum for three different models of the Universe: A HDM, i.e. a universe
with baryons, massive neutrinos and a cosmological constant; A BDM, i.e. a universe with only
baryons and a cosmological constant; A CDM, i.e. a universe with baryons, cold dark matter and a
cosmological constant. Note that the first two models have much less power on small scales (large k)
than the last one.

6 Building models of large scale structure

Thus far we have studied the evolution of structure in a variety of scenarios and we should, by now,
have a qualitative understanding of how cosmological perturbations may evolve. We now need com-
plete this analysis by defining the initial conditions, i.e. the seeds of structure, then characterizing how
perturbations of different length scales evolve and and finally identifying how we should ultimately
characterize large scale structure today.

Over the decades there have been a plethora of proposals for the initial conditions of structure
formation. One set of possibilities is that the Universe started off in a quasi-chaotic initial state and
that the thermal initial state smoothed out the large inhomogeneities leaving a residue of fluctuations
when then evolved to form structure. Clearly this is not a viable proposal unless we severely modify
the nature of the Universe at those early time- as we saw in the previous section, structure on very large
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scales (larger than the Jean wavelength) will tend to grow under the force of gravity. Furthermore,
there is a limit to how much the Universe could homogenize set by causality so it is in fact physically
impossible to implement such a simple idea.

We do, however, have a proposal that tends to smooth out the Universe and that changes the causal
structure of space-time. Inflation will take a microscopic patch of the Universe which is in thermal
equilibrium and is well within the Jeans wavelength at that time, and expands it to macroscopic,
cosmological proportions. In doing so, Inflation solves the problem of how to homogenize but also
provides a mechanism for seeding structure. We expect that, due to the quantum nature of space-time
and matter, that the Universe will be riven by quantum fluctuations on microscopic scales. A period
of Inflationary expansion will amplify and stretch these quantum fluctuations to macroscopic scales
which will be many times larger than the cosmological horizon by the time Inflation ends. As the
Universe resumes its normal expansion in the radiation era, the fluctuations will seed structure in the
cosmological fluid which will then evolve in the manner described in the previous sections.

The form of the intial conditions arising from Inflation have a deeply appealing feature: they will
correspond to a random field which has a scale invariant gravitational potential. In this context, a
random field is a three-dimensional function which can be generated through some random process;
this should not come as a surprise given that the source of the fluctuations is a quantum process. And
if you think about what we are trying to do, and look at the structure of the sky, you will realized
that there must be an element of randomness. Our theory won’t tell us if a cluster of galaxies, or
a filament of galaxies or more generally an overdensity or underdensity is going to be at an exact
position in space. All we can talk about is how much more probable structures of a given size are
going to be relative to others. For example, we may expect to see more structure of 1 Mpc than of 100
Mpc, but we don’t know exactly where they will be. Hence we talk about our density contrast, J, or
gravitational potentials being a random fields for which we can calculate their statistical properties.

We characterize a random field in much the same way we would characterize any other random
process. For example we will have that the density contrast,  satisfies

(0(z)) =0
and that we can characterize its variance in terms of a correlation function, &(r) through
(17 = 7)) = (6(2)8 (7))
or alternatively in terms of its power spectrum
P(k) = (|0z*)
By defining £(r) or P(k) we can characterize the statistical properties of the random field* It is often
useful to consider the dimensionless version of the power spectrum, the mass variance which is given
by
kP (k)
T 4r

“This is only strictly true of the random process is Gaussian. For non-Gaussian processes one has to go further and
characterize such quantities as (d(#1)d(Z1)0(Z1)) and higher order products. It turns out the Inflation predicts that the
random fields are, to a very good approximation, Gaussian.

A* (k)
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We now need to understand what is meant by scale invariance. Let us define the average gravita-
tional potential in a ball of radius R to be

1

B(R) = - /V B2D(F)

where Vpy is the volume of the ball. We can define the variance of ® on that scale to simply be
o7(®) = (*(R))

where (- - - ) is an ensemble average, i.e. an average over many possible configurations of ®. A scale
invariant spectrum corresponds to a variance which is independent of R, i.e. 0% (®) o< constant. It
turns out that we can relate 0% (®), to (¢, k) through the Newton-Poisson equation. Indeed we have
that

9 k? - k3 2w

o7(®) = (| @(t R)[) oc 1 (18(t F)?) with k= S

If it is scale invariant we then have that the power spectrum of the density fluctuations at initial time
ti, Pi(k) = (|6(t;, k)|?) has the form

Pi(k) o k

In practice, choosing scale invariant initial conditions for the density field corresponds to picking the
amplitude of the density field" to be given by |8(¢, k)| o k*/2.

Having chosen a set of initial conditions we can predict what the large scale structure of the
Universe for different sets of assumptions. We will do so for three model universes: a universe where
matter is solely of baryons and known as the Baryonic Dark Matter (BDM) universe ; a universe
which also contains pressureless dark matter and is known as the Cold Dark Matter (CDM) universe;
and a universe in which matter is dominated by massive neutrinos and is known as the Hot Dark
Matter (HDM) universe.

6.1 A Baryonic Dark Matter Universe

Consider the simplest scenario we can imagine with the tools we have been give: a flat Universe
consisting solely of photons, atoms (i.e. Baryons) and a cosmological constant. There is a limit
on how much of the Universe can be made of baryons: the abundance of light elements restricts
Qyh? ~ 0.024. With our current constraints on the Hubble constant, this means that fractional energy
density in baryons must be around 5% and given that we are considering a Universe with 0 = 1
we must have 2y = 0.95. In figure 1 we plot the power spectrum of such a theory and we can
clearly identify the main features. On very large scales (i.e. on scales larger than the sound horizon
at equality between matter and radiation) perturbations will grow until they reach the A era, after

"This is not strictly true, otherwise we would have () # 0 but given that we are not interested in & 7 today, but in
P(k), this prescription will suit us
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which they will be constant. On scales below the sound horizon, perturbations will initially grow,
then oscillate acoustically and once the Universe recombines, they will grow again until the freeze
in during the A era. Hence we see a series of peaks and troughs on intermediate to small scales.
On very small scales, i.e. on scales which are smaller than the Silk damping scale at recombination,
perturbations are severely supressed and we can see exponential damping.

Putting all the pieces together, we find that the mass variance for this theory is roughly described
by

A*(k) o K* ifkn, <1

COSQ(%)

k

A(k) o el=20/ks VT if ke, > 1

(43)

We can also consider a Universe in which, for some reason, we have underestimated the density of
baryons. If we assume that the majority of baryons are dark (in the form of dark nuggets of matters,
brown dwarfs or even black holes) we can choose {25 = 0.25 and 2, = 0.75. In Figure 1 we plot
the power spectrum of this theory which we can call the Baryonic Dark Matter scenario (or BDM for
short) and we can still the gross qualitative features we identified above.

6.2 A Cold Dark Matter Universe

An interesting scenario arises if we consider a Universe in which, once again, we have radiation,
baryons and A but now add a component of pressureless, non-relativistic matter that does not interact
with the radiation. We shall call this the Cold Dark Matter scenario (or CDM) and has a qualitatively
different behaviour to the BDM case. There are effectively two regimes that will define the shape of
the power spectrum. On very large scales, i.e. scales such that £ < 1 for all times before equality
between radiation and matter, the density contrast will grow as n? until it reaches the A dominated era.
For scales that cross this threshold, i.e. such that k7., < 1, the density contrast will have its evolution
surpressed to logarithmic growth; this surpression in growth will last between the time the wavelength
of the perturbation has the same size as the sound horizon and the transition from radiation to matter
domination. During the matter era, perturbations will grow again until A domination sets in.
A rough estimate of the mass variance, A%(k) gives us

A*(k) oc k' ifkng <1
A*(k) o< (In(k))* if kneg > 1
(44)

The overall shape can be clearly seen in Figure 1.

6.3 A Hot Dark Matter Universe

There is yet another simple model we can consider. If we now replace the pressureless matter in
the CDM model by light massive neutrinos, we will have an altogether different cosmology. The
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Figure 2: A survey of galaxies over the sky illustrates there are inhomogeneities spanning a wide
range of scales (2dF Galaxy Redshift Survey -based at Oxford)

motivation is clear: we know that neutrinos exist and there is even tentative evidence that they may
have a mass. As we saw in the previous section, neutrinos will not evolve as a fluid and will free stream
while they are relativistic, exponentially damping all perturbations on small scales. The neutrinos are
weakly interacting, dark (i.e. they don’t interact strongly with light) and move relativistically so can
be considered a "hot" component of the Universe. For these reasons, a Universe in which neutrinos
make up the bulk of the energy density today is called the Hot Dark Matter scenario (or HDM). The
mass variance can be roughly approximated to

A2(k) X ]{34 exp(—k)\ps) (45)

and is plotted in Figure 1.

7 Comparing to observations

7.1 The spatial distribution of galaxies

A typical survey of galaxies will be like the image in Figure 2
Furthermore, we have been talking about 9, a continuous field defined over all of space. But what
we actually see are galaxies, bright dots in the sky. We must relate our theory, the theory of how ¢
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arises and evolves with our data, a catalogue of positions of galaxies in the sky. Once again let us take
as our starting point, the mean density, py and expand it in terms of the density contrast:

1)
p=po(l+ ?p) = po(1 +6)

The galaxies must trace this density somehow. For example, if the density is high (i.e. where there
is an overdensity) we expect to see more galaxies, more bright dots. If the density is low, we expect
to see less galaxies, a void. We can make this comparison more quantitative.Take the distribution of
galaxies in the Universe and lay down balls of radius A all over. Calculate the mass contained in each
ball (i.e. add up the mass in all the galaxies contained in each ball). We have that

MO\ = / (i)
Sx
where S}, is a sphere of radius A\. We can find the average over all balls to get

W) = (MOV) = T %

Suppose we now calculate the variance
MNP = ([M(N) = M(AN)P)

Some balls will be heavier and others will be lighter. There should be a scatter. One can show that
the mass variance is given by

2 3
(WW} ~ " P(k) withk =2

All) = {M()\) = on?

So P(k) gives you the fluctuations in mass of balls with a given radius. Different types of clump-
ing will lead to different P(k) and these can be compared to the clumping that we see in the distribu-
tion of galaxies.

If we were to consider a universe with baryons and radiation, as described above, we would find
a power spectrum as in Figure 1.

Clearly the problem is that perturbations in the baryons are prevented from growing because of
the way they link up to radiation. One solution is to have a different form of non-relativistic matter
that doesn’t interact with radiation. It won’t feel that baryon pressure and will have its Jean’s length
equal to zero. Because this matter does not interact with light, it can be called “dark matter”. An
example of the mass variance A(k)? compared to data is shown in Figure 3.
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Figure 3: The mass variance, A?(k) of inhomogeneities with cold dark matter compared to the real
universe

7.2 Anisotropies in the Cosmic Microwave Background

We have focused on the evolution of perturbations in the density field and how we can connect them
to the distribution of galaxies. There is, of course, another very important component to the Universe,
which plays a significant role at early times: radiation.

Let us briefly recall the history of radiation in the Universe. At very early times the universe is
highly ionized, Hydrogen is dissociated into free electrons and protons and the mean free path of
photons is effectively 0. The universe is opaque. At late times, the universe is neutral, protons and
electrons are in Hydrogen atoms and photons are free to propagate. The Universe is transparent. The
transition from one state to another is naturally related to the binding energy of hydrogen and the
evolution of the ionization fraction
Mp

X=——
Ny + Ny

(46)

At sufficiently early times we will find that X = 1, i.e. the Universe is completely ionized. As
it crosses a certain threshold, electrons and protons combine to form Hydrogen. This happens when
the temperature of the Universe is 7' ~ 3570K or 0.308eV/, i.e. when it was approximately 380, 000
years old, at a redshift of = ~ 1100. We would naively expect this to happen at 13.6eV’. One way
to think about why this isn’t so is that, at a given temperature there will always be a few photons
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Figure 4: The evolution of the ionization fraction as a function of redshift

with energies larger than the average temperature. This energetic photons only become unimportant
at sufficiently low temperatures.

We can now reconstruct the history of a photon left over from recombination. We know that,
post recombination, a photon has been travelling along a straight path from then until now. It has
travelled a distance d, ~ 19— n, where 1, (1,) is the conformal time today (at recombination). Before
recombination, the mean free path of the photon was negligable, it was effectively standing still. So
we can think of recombination as the time when these photons were released to travel through space.
When we look from a fixed point in the sky, we will received photons that have travelled straight
towards us since 7, the point at which they are released will map out a two dimensional sphere, of
radius d, which is known as the surface of last scatter. We can think of this light as an image of the
the surface of last scatter, a photograph of a spherical slice of the universe at 7,.

Recall that the Universe was in thermal equilibrium and hence the radiation should have a black
body spectrum. And given that it is approximately homogeneous on large scales, the black body
will be the same in all directions, with the peak at the same temperature in all directions. But we
also know that it perturbed and hence we should see deviations. These deviations will have various
contributions.

For a start, we have the Stefan-Boltzman law: p., = 0T where ¢ is the Stefan Boltzman constant.
But we then have

0T 1dp,
T 4p,
This seems quite easy to understand: the more compressed the radiation is, the hotter it is. So points

31



on the surface of last scattering which have denser radiation will look hotter. This is known as the
intrinsic term
When the photons are released at the surface of last scattering, the will collide with one last
electron or proton before they propagate towards us. That proton or electron may have a peculiar
velocity, vz. This will impart a Doppler shift on the photon, i.e. the observed temperature will be
T"=T(1 — Up - 1) so that
oT
= =
This is known as the Doppler term.
There will be gravitational effects too. If the photon is caught in a gravitational well at the surface

of last scatter, it will be held back, i.e. gravitationally redshifted. The bigger the well, the colder the
photon becomes:

0T
=

This is known as the Sachs-Wolfe term. Finally, as the photon propagates towards us through empty
space, space time is changing and warping as it evolves. The photon will be redshifted or blue shiftet
according to:

or
T

—’UB'TL

-

10 .
_ 9 / dn & (47)
7

This is known as the Integrated Sachs-Wolfe term.
Let us put all this together now. Recall: the surface of last scatter is a sphere with radius d,.
Suppose we look in a give direction 1. We will see

oT 1 X L R . K "o
7(71) = 15(77*,d*n)—[UB-n](m,dm)—<1>(n*7d*n)—2/ dn' ®[n', (no —n')n]  (48)
UES

In summary, a measurement of ‘STT is a snapshot of the universe at t,, it is related to quantities that we
know from studying large scale structure and we can use it to do “archeology”of the Universe.

What do we expect to see? First of all, recall the we looked at how perturbations in the radiation
and baryons evolve in the radiation era, before recombination. On small scales, there should be a
series of acoustic oscillations. We found a solution, 8., o J5(kn/+/3). We also know that V.-o=-6
So if &, o cos(kn/v/3) then Ui - i o sin(kn/+/3). We should see an oscillatory pattern in % with
the spacing between peaks and troughs set by the angular projection of k7, /+/3. On very large scales
we expect it to be relatively featureless.

On small scales, an altogether different phenomenon kicks in. During recombination, as the
photons decouple from the baryons, they will slowly start to propagate. They will move around a
little and in doing so, they will leak energy from high density regions to low density regions. The
net effect is to reduce high density regions, fill in low density regions and effectively smooth out
perturbations. features on small scales will be smoothed out.
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Figure 5: The best fit power spectrum of the CMB as compared to the WMAP and SPT data (Keisler
2011)

How do we analyse a map of the cosmic microwave background? We need to take the equivalent
of the Fourier transform except now it is on the surface of the sphere. You will recall from mathemat-
ical methods and quantum mechanics that there is a useful basis to this in, the Spherical Harmonic

functions. So we can take
oT R
?(n) = YpmGom Yem(1). (49)

and plot the power spectrum

1

CK:2€+1

Em|aﬂm|2 (50)
In Figure 5 you can see the structure of the power spectrum. There is clear evidence of the oscillatory

structure as well as of the damping on very small scales and you can appreciate how remarkably well
this power spectrum has been measured.
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