2004/05 4th Year Astrophysics : Problem Set 6

Q1. Explain what is meant by detailed balance, thermodynamic equilibrium and
statistical equilibrium in the context of the number densities of adjacent stages of
ionization.

Give an account of the most important ionization and recombination processes that deter-
mine the relative number densities of ions in (a) a planetary nebula and (b) a stellar corona.

The tables below give total rate coefficients for recombination to and ionization from the
ions listed, at an electron temperature of 10° K. Ions for which data are not given can be
neglected. Calculate the relative ion populations and hence find which stage of ionization
has the largest relative population at this temperature. In a sketch, show how you would
expect log;o[N(FeX)/N(Fe)] and log,,[N(FeXI)/N(Fe)] to vary with temperature between
logo[Te(K)] = 5.8 and 6.2.

log,o[Te(K)] | FeVIII | FeIX | FeX | FeXI
6.0 1.26 1.29 | 1.55 | 1.51

Recombination rate coefficients in units of 10716 m3s~1.

logo[Te(K)] | FeVIII | FeIX | FeX | FeXI
6.0 6.03 | 1.78 | 0.871 | 0.447

3.1

Ionization rate coefficients in units of 10716 m3s~1.
At very high electron densities the contribution from dielectronic recombination is reduced.
Discuss qualitatively how the resulting relative ion populations would differ from those calcu-

lated.

[The notation T, (K) represents a number equal to the electron temperature in K.]
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Q2. Using a model for a two-level ion (ground state plus one excited state), discuss the
processes which should be included when considering the formation of an intersystem (semi-
forbidden) line in a cool-star transition region. Hence show that the rate at which energy is
emitted in an intersystem line of wavelength A9 is given by
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where As; is the spontaneous transition probability, T, is the electron temperature and Ng, Ny,
Nion and N, are the number densities of the element under consideration, hydrogen, ions and
electrons, respectively.
Show that
fl(NeaTe) = (12N, and f2(Ne,Te) = (91 Ne,

where C3 and C9; are rate coefficients for collision and excitation.

Intersystem lines of Si III and C III are observed in spectra of cool stars with a range of
surface gravities. Assuming that both lines are formed at T, = 4.5 x 10* K, use the data in the
table below to calculate the maximum and minimum values of the ratio F(Si III)/E(C III).

In the spectrum of a planetary nebula, the ratio F(Si III)/E(C III) is observed to be less
than 0.1. Discuss the differences between the physical conditions in planetary nebulae and cool
star transition regions and suggest the main cause of this small energy ratio.

Data for Si IIT and C III

Ion Transition A(nm) | Q | Ay (s7Y) | Ng/Nyg | Nion/Ng

Si Il | 3s?'Sp—3s3p®P5 | 189.2 | 2.8 | 1.5x 10* | 3.5 x 107> |  0.79

CIII | 252 'Sp—2s2p3P5 | 190.9 | 0.32 | 1.0 x 10? | 3.5 x 10~* 0.46

The ionization potentials of Si III and C III are 33.5 eV and 47.9 eV, respectively.

[ The rate coefficient for collisional excitation is
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where (2 is the collision strength given in the table, g; is the statistical weight of the lower level,
Ag1 is in nm and T, is in K. ]
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Q3. An element of total number density ng exists mainly in two stages of ionization, 7 and
i+ 1, with number densities n; and n; ;. Express n;/ng and n;y1/ng in terms of the ionization
rate 3; (from i) and the recombination rate -y; (to 7). In a planetary nebula what processes are
the main contributors to 3; and ;7 How do n;/ng and n;y1/ng vary if the electron number
density n,. is increased?

Consider a forbidden transition in the optical spectrum of a planetary nebula. The transition
occurs between an excited level (2), with number density no, and the ground level (1), with
number density n;. Write down the appropriate form of ny/n;. Hence explain what is meant
by the critical density.

Two such lines occur in an ion, from levels 3 and 2 to level 1. Assuming that the wavelengths
A21 =~ A31, show that their flux ratio is given by

F51 g3 A (ng(2) +ne)
For — ga Aor (n2(3) +ne)

where Aj; is the spontaneous transition probability, g; is the statistical weight of level j and

*(4) is the critical density for a transition from level j.

Ne

Using the data for singly ionized sulphur (SII) given in the table below, find
(a) the values of F3;/F» when (i) n. > n}(2) and (ii) when n, < n3(3)

(b) the value of n at which Fs; /F»; has its greatest dependence on In(n,), and the corresponding
value of F31/F21.

Show that if this value of F31/F»; can be measured to within £10% then log,(n.) can be
determined to within £0.18.

Table: Data for SII lines.

Aji/nm Transition (ji) Ajifs! Critical density n?(j)/m™3
673.1 2Dyjp — *S3/5 (21) L7 %1073 3 x 10°
671.6 ?Dyj9 — 4832 (31) 6.3 x 1074 1 x 10

[At a fixed electron temperature T, the collisional excitation rate is

exp(—hc/)\ijkBTe)
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Q4. Discuss what is meant by detailed balance and the coronal approzimation in the context
of processes that determine the number density Ny of an excited state in a two level atom. In
each case give the expression for Ny/Ny, where N; is the ground state number density.

Emission lines arising from permitted and spin-forbidden electric dipole transitions to a
common atomic energy level are observed in stellar transition regions. Explain how their relative
intensities can be used to determine the electron number density N.. Explain why there is an
electron density below which this method cannot be used.

The diagram shows some transitions observed in Fe XIV.
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Transition ~A/nm Cj; (relative) Aj; (relative)

’Dsj5 — *Pyjp 21.9 9 6
’D3jp — 2Py 211 10
’Dyjp = *Pyjy 22.0 1 1

Using the relative collisional excitation rate coefficients C;; and the relative transition
probabilities Aj; given in the table, derive an expression for the relative intensities of the lines at
wavelengths A = 21.9nm and X = 21.1nm in terms of the population ratio N(2P35) /N (*Py ).
What relative intensity would be expected if the 2P /2 and ’p /2 level number densities were
determined by detailed balance at a temperature T, = 2 x 106 K?

In a solar active region the observed intensity ratio of the above lines is 0.15.
Use the collisional excitation rate coefficient C;; = 7 x 10~ m3 s~! and the transition proba-
bility Aj; = 605~ for the *Pyjp — 2Py transition to show that N(*Ps/5)/N(*P, ;) depends
on N,. Find the value of N,.

[The relation between the collisional de-excitation and excitation rate coefficients is Cj; =
(9i/9;)Cijexp (Wi;/kpTe) where g; and g; are the statistical weights of the lower and upper
levels respectively and W;; is the excitation energy of level j above level i.]
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